In this paper, we study geodesics and geodesic vectors for homogeneous exponential Finsler space and homogeneous infinite series Finsler space. Further, we find necessary and sufficient condition for a non-zero vector in these homogeneous spaces to be a geodesic vector.
Introduction
According to S. S. Chern ([6] ), Finsler geometry is just the Riemannian geometry without the quadratic restriction. Finsler generalized Riemann's theory in his doctoral thesis ( [11] ), but his name was eastablished in differential geometry by Cartan ([5] ). In 1972, M. Matsumoto ([25] ) has introduced the concept of (α, β)-metric in Finsler geometry. A Finsler metric of the form F = αφ(s), s = β α , where α = a ij (x)y i y j is induced by a Riemannian metricã = a ij dx i ⊗ dx j on a connected smooth n-manifold M and β = b i (x)y i is a 1-form on M is called an (α, β)-metric. There are various applications of (α, β)-metrics in information geometry ( [1] ), physics and biology ( [2] ). Some notable contributions on Finsler spaces with exponential and infinite series (α, β)-metrics can be seen in ( [26] , [27] , [28] , [29] , [30] ).
Geodesic in a Finsler manifold is the generalization of notion of a straight line in an Eucldean space. Geodesic can be viewed as a curve that minimizes the distance between two points on the manifold. A geodesic in a homogeneous Finsler space (G/H, F ) is called homogeneous geodesic if it is an orbit of a one-parameter subgroup of G. Homogeneous geodesics on homogeneous Riemannian manifolds have been studied by many authors ( [12] , [18] , [19] , [34] 
Preliminaries
Definition 2.1. Let V be an n-dimensional real vector space. It is called a Minkowski space if there exists a real valued function F : V −→ R satisfying the following conditions:
is positive-definite at every point of V \{0}.
In this case, F is called a Minkowski norm. Let (M, F ) be a Finsler space and let (x i , y i ) be a standard coordinate system in T x (M ). The induced inner product g y on T x (M ) is given by
Shen ( [7] ) has given the condition for an (α, β)-metric to be a Finsler metric in following lemma:
Lemma 2.1. Let F = αφ(s), s = β/α, where α is a Riemannian metric and β is a 1-form whose length with respect to α is bounded above, i. Definition 2.6. Let (G/H, F ) be a homogeneous Finsler space and e be the identity of G. A geodesic σ(t) through the origin eH of G/H is called homogeneous if it is an orbit of a one-parameter subgroup of G, i.e., there exists a non-zero vector X ∈ g = Lie(G) such that σ(t) = exp(tX).eH, t ∈ R.
Geodesic vector
The problem of studying homogeneous geodesics of a homogeneous space is basically the study of its geodesic vectors.
Let (M, F ) be a homogeneous Finsler space. Then, M can be written as a coset space G/H, where G = I(M, F ) is a Lie transformation group of M and H, the compact isotropy subgroup of I(M, F ) at some point x ∈ M ( [9] ) . Let g and h be the Lie algebras of the Lie groups G and H respectively. Also, let m be a subspace of g such that Ad(h)m ⊂ m ∀ h ∈ H, and g = h+m be a reductive decomposition of g.
Observe that for any Y ∈ g, the vector field
is called the fundamental Killing vector field on G/H generated by Y ( [17] ). The canonical projection π : G −→ G/H induces an isomorphism between the subspace m and the tangent space T eH (G/H) through the following map:
We have dπ(Y m ) = Y * eH . Using the natural identification and scalar product g Y * eH on T eH (G/H), we get a scalar product g Ym on m.
Definition 3.1. Let (G/H, F ) be a homogeneous Finsler space and e be the identity of G. A non-zero vector X ∈ g is called a geodesic vector if the curve exp(tX).eH is a geodesic of (G/H, F ).
The folowing result proved in ( [23] ) gives a criterion for a non-zero vector to be a geodesic vector in a homogeneous Finsler space.
Lemma 3.1. A non-zero vector Y ∈ g is a geodesic vector if and only if
Next, we deduce necessary and sufficient condition for a nonzero vector in a homogeneous Finsler space with infinite series (α, β)-metric to be a geodesic vector. 
(1)
Proof. Using lemma 3.1 of ( [28]), we can write
Also, we know that
After some calculations, we get
From above equation, we can write
Now, from lemma (3.1), Y ∈ g is a geodesic vector if and only if Proof. From equation (3), we can write and an invariant vector fieldX such thatX(H) = X. Then X is a geodesic vector of (G/H, , ) if and only if X is a geodesic vector of (G/H, F ).
Therefore g X (X, 
Proof. Using lemma 3.4 of ( [28] ), we can write
Now, from lemma (3.1), Y ∈ g is a geodesic vector if and only if 
